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E-mail addresses: voyiadjis@eng.lsu.edu, cegzv1@lRecent research studies on ductile fracture of metals have shown that the ductile fracture initiation is sig-
niﬁcantly affected by the stress state. In this study, the effects of the stress invariants as well as the effect
of the reverse loading on ductile fracture are considered. To estimate the reduction of load carrying
capacity and ductile fracture initiation, a scalar damage expression is proposed. This scalar damage is
a function of the accumulated plastic strain, the ﬁrst stress invariant and the Lode angle. To incorporate
the effect of the reverse loading, the accumulated plastic strain is divided into the tension and compres-
sion components and each component has a different weight coefﬁcient. For evaluating the plastic defor-
mation until fracture initiation, the proposed damage function is coupled with the cyclic plasticity model
which is affected by all of the stress invariants and pervious plastic deformation history.
For veriﬁcation and evaluation of this damage-plasticity constitutive equation a series of experimental
tests are conducted on high-strength steel, DIN 1.6959. In addition ﬁnite element simulations are carried
out including the integration of the constitutive equations using the modiﬁed return mapping algorithm.
The modeling results show good agreement with experimental results.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Ductile fracture is the failure that occurs due to extensive plas-
tic deformation in the material. The prediction and simulation of
ductile fracture initiation are of the great concern to the engineer-
ing design and production processes. From a micromechanical
point of view, the ductile fracture is related to the nucleation,
growth and coalescence of voids which are produced through pro-
gressive plastic deformation. Along with the changes in the mate-
rial microstructure, the macroscopic behavior of the material such
as the load-carrying capacity and the material stiffness also de-
crease. Some research studies on ductile fracture implemented
the micromechanical analysis to simulate the fracture mechanism.
The initial studies on ductile fracture with using the microstruc-
ture analysis are referred to McClintock (1968) and Rice and Tracey
(1969) who simulated the ductile fracture with analyzing a
cylindrical/spherical shaped void that is subjected to the uniform
far-ﬁeld stress. Gurson (1977) incorporated the effects of the mi-
cro-voids on the yield function and the constitutive equation.
Tvergaard (1981) and Tvergaard and Needleman (1984) developed
the Gurson model by incorporating the effects of void growth and
coalescence to describe the acceleration of the ductile fracture
initiation. Recently, many researchers developed the Gurson basell rights reserved.
: +1 225 578 9176.
su.edu (G.Z. Voyiadjis).model to accurately describe the ductile fracture of material (e.g.
Zhang et al., 2000; Nahshon and Hutchinson, 2008; Nielsen and
Tvergaard, 2011). There are many other researchers that consid-
ered the macroscopic aspects to explain the ductile fracture phe-
nomena. According to this view point, the ductile fracture occurs
when the volume of the damage in the material reaches a critical
value. In this phenomenological view, as the accumulated plastic
strain increases, the damage in the material increases and the rate
of this increase is weighted by an appropriate stress state function.
Examples of such ductile fracture models can be found in Cockroft
and Latham (1968), Norris et al. (1978) and Xue and Wierzbicki,
2008. The continuum damage mechanics as well as the phenome-
nological and the microstructural aspects are applied to describe
the ductile fracture. Lemaitre (1985), being one of the pioneer
works in this branch, based on a consistent thermodynamic frame-
work introduced a model in which the ductile fracture is estimated
using loss of the stiffness in the material. Voyiadjis (1988) also
introduced a model for reduction in the elasticity related material
parameters using the accumulated plastic strains. More recently,
some researchers applied the continuum damage mechanics to de-
scribe the ductile fracture (e.g. Voyiadjis and Park, 1997; Park and
Voyiadjis, 1997; Celentano and Chaboche, 2007; Brunig et al.,
2008; Li et al., 2011).
As mentioned above, the phenomenological view of ductile
fracture initiation assumes that the damage accumulation in the
material is affected by the stress state. According to this assump-
tion the stress invariants should be incorporated into the ductile
Fig. 1. Cylindrical coordinate system in the space of the principal stresses (Bai and
Wierzbicki, 2008).
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pressure, the ﬁrst stress invariant, on the ductile fracture has been
showed experimentally by many researchers. The experimental
tests carried out by Bridgman (1952) showed that the fracture
strain in a tensile specimen signiﬁcantly increases if the test is car-
ried out under the conﬁning pressure. The conﬁning pressure de-
creases the hydrostatic pressure in the neck section. Bridgman
also showed that the fracture strain increases in torsion when
the axial compression is applied. Hancock and Mackenzie (1976)
and Hancock and Brown (1983) using the notched tensile round
bars and the plane strain tensile specimens, showed that the
fracture strain of ductile materials decreases exponentially with
the increase of the stress triaxiality parameter. The stress triaxial-
ity parameter is deﬁned as the ratio of the hydrostatic stress to the
equivalent stress. Johnson and Cook (1985) introduced a damage
function to estimate the ductile fracture. This damage function is
a weighted integral of the ratio of the accumulated plastic strain
to the fracture strain; which the fracture strain is a function of
the stress triaxiality, strain rate and temperature. More recent
research, such as that of Bao and Wierzbicki (2004), Bao (2005),
Bai and Wierzbicki (2008) and Mirone and Corallo (2010) also
conﬁrmed the strong dependence of the fracture initiation to the
stress triaxiality. In addition to the hydrostatic pressure the effect
of third stress invariant on the ductile fracture also is considered
by many researchers. Wilkins et al. (1980) incorporated the effect
of third stress invariant on the fracture strain envelope as a stress
asymmetry parameter. More recently, Kim et al. (2007), Barsoum
and Faleskog (2007a,b), Xue and Wierzbicki (2008), Gao and Kim
(2006), Gao et al. (2009), Bai and Wierzbicki (2008) and Malcher
et al. (2012) by using the Lode angle parameter incorporated the
effect of third stress invariant on the ductile fracture. Some other
researchers have also considered the effect of the stress state on
ductile fracture, from a different point of view, by considering
the effects of loading paths (e.g. Korkolis and Kyriakides, 2009;
Korkolis et al., 2010; Giagmouris et al., 2010). The effect of reverse
loading was also recently considered by some researchers. Bai
et al. (2006) considered the effect pre-compression to predict the
initiation of the ductile fracture in prismatic square aluminum
tubes subjected to crush loading. Kanvinde and Deierlein (2007)
proposed a model to simulate the ductile fracture initiation due
to the large amplitude cyclic loading.
Although several models have been developed for the predic-
tion of the ductile fracture initiation, the complexity of this phe-
nomenon reveals the need for comprehensive models that are
capable of precise prediction of this fracture type. In this paper, a
damage function which incorporates the effect of all stress invari-
ants together with the reverse loading effect is proposed. For
describing the plastic deformation until the fracture initiation,
the cyclic plasticity model proposed by Voyiadjis et al. (submitted
for publication) which is coupled with the proposed damage model
is considered. The coupled damage plasticity constitutive equation
includes the effects of the ﬁrst stress invariant, the Lode angel
parameter and the previous plastic deformation. The effect of the
reverse loading is incorporated in the damage function by making
use of the decomposition of the accumulated plastic strain into the
tension and the compression components. The effect of each com-
ponent of the accumulated plastic strain is deﬁned by a different
weight coefﬁcient. For the evaluation of this coupled damage plas-
ticity model a series of experimental tests are conducted on high-
strength steel, DIN 1.6959 which has a signiﬁcant reduction on the
load-carrying capacity during plastic deformation up to the frac-
ture initiation. In addition ﬁnite element simulations are carried
out to calibrate the necessary parameters to characterize the
coupled damage plasticity model. Good agreement is obtained be-
tween the experimental results and the simulations from the
numerical modeling.2. Description of the stress state
The Plasticity and damage models are usually expressed in
terms of the Cauchy stress tensor invariants. These invariants are
deﬁned as follows:
I1 ¼ rkk ð1Þ
I2 ¼ 12 I
2
1  rijrij
 
ð2Þ
I3 ¼ detðrijÞ ð3Þ
For accurate evaluation of the material behavior under plastic
deformation, the Cauchy stress tensor, r, is divided into the hydro-
static and the deviatoric components. This decomposition is
presented as:
rij ¼ sij þ 13 dijrkk ð4Þ
where sij is the deviatoric stress tensor and dij is the Kronecker delta.
The ﬁrst deviatoric stress invariant is equal to zero and the second
and the third deviatoric stress invariants which play a very impor-
tant role in the description of the plastic deformation behavior are
expressed as:
J2 ¼
1
2
sijsij ¼ 13 I
2
1  3I2
 
ð5Þ
J3 ¼ detðsijÞ ¼
1
3
sijsjkski ¼ 127 2I
3
1  9I1I2 þ 27I3
 
ð6Þ
The yield criterion of a material can be represented as a surface in
the three-dimensional principal stress space. It is more convenient
to visualize the yield surface in the cylindrical coordinate system
which is aligned with the hydrostatic axis on the same origin.
Therefore the state of principal stresses can be expressed in terms
of the radius q, the angle h and the distance from the origin along
the cylindrical axis, n, Fig. 1. The cylindrical coordinate system com-
ponents (n,q,h) are deﬁned as:
n ¼
ﬃﬃﬃ
3
p
3
I1 ð7Þ
q ¼
ﬃﬃﬃﬃﬃﬃﬃ
2J2
p
ð8Þ
cosð3hÞ ¼ 3
ﬃﬃﬃ
3
p
2
J3
J
3
2
2
ð9Þ
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incorporate the effect of the Lode angle into the damage and plastic-
ity model, the Lode angle parameter h is deﬁned as:
h ¼ sinð3hÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 27
4
J23
J32
s
ð10Þ
Since the range of the Lode angle is 0 6 h 6 p3, therefore the range of
the Lode angle parameter becomes 0 6 h 6 1.
3. Deﬁnition of damage evaluation equation
Phenomenological damage models are created based on macro-
scopic ﬁeld variables. These ﬁeld variables may be referred to the
stress and strain tensor components, their increments and in some
cases temperature and strain rate. In addition to these variables, as
shown by various experimental results the plastic deformation his-
tory directly affects the damage process. Therefore this inelastic
deformation history should be incorporated in the damage
evaluation.
The conventional plasticity models do not estimate the damage
and ductile fracture initiation. For simulating the loss of load-car-
rying capacity when damage occurs in the material during the
plastic deformation, an additional term should be added to the
constitutive equation to reﬂect the material weakening process.
Because the damage volume in the material increases with the
progressive plastic deformation, the damage evaluation function
can be linked to the accumulated plastic strain. In addition to
the accumulated plastic strain, the damage process also is affected
by the stress state. The stress state changes the rate of damage
accumulated in the material. The damage accumulation can be de-
ﬁned as a scalar function which reﬂects the effect of the defects
and microstructural changes through the deformation in the con-
stitutive equation. The scalar damage function, which is known
as isotropic damage, can be easily obtained from experimental
tests especially when the load–displacement response of the test
specimen is considered. Therefore the damage function can be pre-
sented in terms of the stress state as well as the accumulated plas-
tic strain. When the value of the damage function exceeds a
threshold value, the material is assumed to fail. Thus in the
absence of the effect of temperature and strain rate the damage
evaluation function can be deﬁned as follows:
/ ¼ /ðr;pÞ ð11Þ
where / is a scalar damage function, r is the Cauchy stress tensor
and p is the accumulated plastic strain. When the damage function
reaches the critical value, /cr, then fracture initiates. The effect of
the Cauchy stress tensor in the damage evaluation function can
be expressed by its invariants. As mentioned before, the hydrostatic
pressure and the Lode angle signiﬁcantly affect the ductile fracture
initiation. Therefore Eq. (11) can be redeﬁned as a function of the
ﬁrst stress invariant, the Lode angle parameter and the accumulated
plastic strain:
/ ¼ /ðI1; h; pÞ ð12Þ
The simplest form of the damage function which has been used by
some researchers (e.g. Johnson and Cook, 1985) is a linear function
of the accumulated plastic strain. However, the damage is not nec-
essarily linear with respect to the accumulated plastic strain. For
example, Børvik et al. (2001) showed that there is an accumulated
plastic strain threshold which below it no damage occurs in the
material. From micromechanical point of view, as the plastic defor-
mation increases the micro voids expand and the micro cracks
propagate in the material. With further plastic deformation the
neighboring defects become close enough and eventually join to-gether. This phenomenon enhances the damage rate. Therefore
the damage function should have a nonlinear relation with the
accumulated plastic strain. Tvergaard and Needleman (1984)
proposed a bilinear relationship between the damage and accumu-
lated plastic strain that increases the effect of the void coalescence
in comparison with the void nucleation phase on damage function.
There also exist different forms of nonlinear damage functions with
respect to the accumulated plastic strain (e.g. Bonora and Newaz,
1998; Xue and Wierzbicki, 2008). In this research study, the nonlin-
ear form of the damage evaluation function with respect to the
accumulated plastic strain is proposed as follows:
/ ¼ 1 e pAð Þ
B
ð13Þ
where A and B are functions of the stress state condition. The pro-
posed damage function is a nonlinear function of the accumulated
plastic strain, p. This function can model the wide range of the non-
linear behavior of the accumulating damage. When Eq. (13) reaches
the critical value, /cr, then fracture initiates in the material. The crit-
ical value of damage, /cr, is a material constant which is determined
experimentally.
As mentioned before, the ﬁrst stress invariant and the Lode an-
gle parameter affects the ductile fracture. Many research studies
incorporated the effect of the ﬁrst stress invariant as an exponen-
tial or logarithmic function into the damage evaluation equation
(e.g. Rice and Tracey, 1969; Johnson and Cook, 1985; Xue and
Wierzbicki, 2008; Bai and Wierzbicki, 2008). Also the nonlinear
functions of the Lode angle parameter were proposed to describe
the ductile fracture initiation by many researchers (e.g. Wilkins
et al., 1980; Xue and Wierzbicki, 2008; Bai and Wierzbicki,
2008). In this paper the effects of the ﬁrst stress invariant and
the Lode angle parameter are incorporated into the damage
evaluation function as a nonlinear exponential equation. These
equations are introduced as follows:
A ¼ d1eðd2I1þd3hÞ ð14Þ
B ¼ d4 þ d5hd6 ð15Þ
where d1,d2, . . . ,d6 are material constants that are determined
experimentally. The function A incorporates the effects of the ﬁrst
stress invariant and the Lode angle parameter as an exponential
function into the damage evaluation function, Eq. (13). The function
B increases the nonlinearity of the damage function with respect to
the accumulated plastic strain when the effect of the Lode angle
parameter increases.
It has been shown by various experiments that the damage pro-
cess depends on the loading history. Therefore the damage func-
tion should be inﬂuenced by the history of plastic deformation.
Experimental results show that tension speeds up the void nucle-
ation-growth-coalescence process and the shear band slip move-
ment; while the compression does not have such inﬂuence
(Mazars, 1986; Bao and Treitler, 2004). According to this fact the
accumulated plastic strain is divided into two components, the
accumulated plastic strain that occurs in tension loading and the
accumulated plastic strain that occurs in compression loading.
Each part of the accumulated plastic strain is incorporated to the
damage function with different inﬂuence. The following equation
shows this decomposition:
p ¼ pt þ cpc ð16Þ
where pt and pc denote the accumulated plastic strains that occurs
in tension and compression, respectively; and c is a material con-
stant that determines the inﬂuence of the compression component
of the accumulated plastic strain on the damage function.
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4.1. Formulation of the coupled damage plasticity
The damage evaluation method generally divided into two cat-
egories, ﬁrst the uncoupled approach which neglects the direct ef-
fect of damage function on the yield criterion of materials and the
coupled approach which incorporates the damage function into the
constitutive equations. Many models consider the damage process
as to be independent of the material plasticity behavior. In other
words, plastic behavior of the material does not change as the
damage increases in the material through the progressive plastic
deformation (e.g. Cockroft and Latham, 1968; Rice and Tracey,
1969; McClintock, 1968; Wierzbicki et al., 2005). In these models,
damage functions are evaluated independently and once the dam-
age function reaches a particular value, ductile fracture initiates. In
the uncoupled damage category, damage function is formulated
empirically with the general function in terms of certain
macroscopic variables such as the accumulated plastic strain and
stress state condition. The beneﬁt of these models is that the dam-
age evolution and the plasticity evolution are uncoupled in the
stress integration procedure and therefore the numerical imple-
mentation is not so complicated. The disadvantage is that the loss
of load-carrying capacity is not modeled realistically. The criteria
included by the coupled damage approach incorporates the
damage function into the constitutive equations (Gurson, 1977;
Tvergaard and Needleman, 1984; Lemaitre, 1985; Nahshon and
Hutchinson, 2008; Xue and Wierzbicki, 2008). These models
change the yield surface of the materials by incorporating the
damage function. The coupled damage approach is difﬁcult to
incorporate into the numerical simulation in comparison with
the uncoupled approach, but it introduces a more rigorous descrip-
tion of the loss of load-carrying capacity and ductile fracture initi-
ation. In this study the coupled approached is used to deﬁne the
constitute equation.
Considering the small volume of the material, micro defects in-
crease through the plastic deformation and as a result the effective
load carrying area decreases. Therefor with decreasing the effective
load carrying area the effective stress tensor also changes. The
effective stress tensor can be deﬁned with attributing the damage
function:
~r ¼ r
1 / ð17Þ
where ~r is the effective stress tensor. Subscript  indicates that the
corresponding variable is affected by damage. In this paper, Eq. (17)
is incorporated into the constitutive equation. The elasto–plastic
behavior of the material considered in this section is assumed to
be rate independent and elastically isotropic. It is assumed that
the strains are relatively small so the total strain rate can be decom-
posed into the elastic and plastic components:
_eij ¼ _eeij þ _epij ð18Þ
where the superscripts e and p designate the elastic and plastic
components, respectively. The accumulated plastic strain rate, _p,
is expressed as:
_p ¼ m
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
_epij þ _epij
q
ð19Þ
where m is the inverse magnitude of the normal vector to the yield
surface. The Cauchy stress tensor is deﬁned as:
rij ¼ ~Dijkl ekl  epkl
  ð20Þ
where eD is the fourth-order isotropic elastic stiffness tensor that is
affected by the damage through the plastic deformation. Isotropic
elastic stiffness tensor, eD, is deﬁned as:eDijkl ¼ ~kdijdkl þ eGðdikdjl þ dildjkÞ ð21Þ
where ~k and eG are Lame constants that are deﬁned as:
~k ¼ m
eE
ð1þ mÞð1 2mÞ
eG ¼ eE
2ð1þ mÞ
ð22Þ
where eE is the Young’s modulus in the damaged conﬁguration and
is deﬁned as:eE ¼ Eð1 /Þð1 /Þ ð23Þ
In Eq. (23) E is the initial Young’s modulus and / is a scalar damage
function that is deﬁned by Eq. (13). This damage function is pro-
duced by the void nucleation, growth and coalescence of voids. This
damage function speeds up through the progressive plastic defor-
mation and is responsible for the loss of load caring capacity and
the change of the yield surface. Another damage, /⁄, also occurs
in the material because of the dislocation movement. This damage
function, /⁄, is a function of the accumulated plastic strain and in-
creases sharply in the beginning of the plastic deformation but the
rate of this change decreases with further plastic deformation. This
damage function has no effect on yield surface and is determined
experimentally (Voyiadjis et al., submitted for publication). In this
study, the Poisson’s ratio is assumed to remain unchanged through
the plastic deformation. The yield function, f, in the damaged con-
ﬁguration is deﬁned as follows:
f ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2
ðs eXÞ : ðs eXÞr  eY 6 0 ð24Þ
where eX is the kinematic hardening back stress tensor that de-
scribes the movement of the yield surface in the deviatoric space
and eY is the radius of the yield surface. For accurate estimation of
the yield surface movement, back stress tensor can be divided into
ﬁnite components, where each component is evaluated indepen-
dently. Kinematic hardening force according to the additive decom-
positionmethod proposed by Chaboche and Rousselier (1981, 1983)
can be expressed as follows:
eXij ¼PM
i¼1
eX ðkÞij ð25Þ
where eX ðkÞij is the kth component of the back stress tensor. The ra-
dius of the yield surface, eY , can be deﬁned as:eY ¼ ~ry þ eR ð26Þ
where eR is the isotropic hardening force and describes the change in
the size of the yield surface. In this work the plastic strains are eval-
uated using the normality rule.
_epij ¼ _k
@F
@rij
ð27Þ
where _k is the multiplier of time-independent plasticity which will
be determined using the consistency condition.
4.2. Deﬁnition of the yield criterion and hardening parameters
In this research, the general formulation of the yield condition
and hardening parameters proposed by Voyiadjis et al. (submitted
for publication) are considered. According to this model the linear
effect of the ﬁrst stress invariant and nonlinear effect of the Lode
angle on the yield condition are assumed. The yield condition with
incorporating the damage function is proposed as follows:
~ry ¼ ð1 /Þðr0  a1I1  a2hÞ ð28Þ
Table 1
List of the material parameters that should be calibrated from the experimental tests.
Elastic modules
E m /⁄
Yield criterion parameters
r0 a1 a2
Isotropic hardening parameters
Q1 Q2 b1 b2 k
Kinematic hardening parameters
Ck ck fk (kth component of the back stress)
Damage parameters
d1  d6 c /cr
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the Lode angle parameter must be limited to a special interval so
that the convexity of the yield surface is satisﬁed. The isotropic
hardening force by incorporating the damage is deﬁned as a func-
tion of the ﬁrst stress invariant, accumulated plastic strain and
the previous plastic deformation history. Therefore the effective iso-
tropic hardening force is deﬁned as:eR ¼ ð1 /ÞðQ1 þ Q2eb1 I1 Þð1 eb2jpÞ ð29Þ
where Q1, Q2, b1 and b2 are the material constants and k is an expo-
nential decay function of the previous accumulated plastic strain, p.
Eq. (29) shows that the compression accelerates the increase of the
yield surface radius whereas tension does not signiﬁcantly change
it. The pervious plastic deformation is related to the earlier plastic
deformation, after which an elastic unloading has occurred. Similar
to the isotropic hardening, the previous plastic deformation affects
the kinematic hardening as well. This effect can be represented as
an exponential decay function multiplied by the kinematic harden-
ing constants. The following formulation is proposed for each kine-
matic hardening component by incorporating the damage:e_XðkÞ ¼ 2
3
ð1 /ÞCðkÞfðkÞ _ep  cðkÞfðkÞ eXðkÞ _p ð30Þ
where f is an exponential decay function of the previous accumu-
lated plastic strain, p. This correction means that with increasing
the effect of the previous accumulated plastic strain, the translation
rate of the yield surface in the stress space at the current plastic
deformation is decreased.
It should be mentioned that in the absence of any damage, the
proposed constitutive equation is reduced to a cyclic plasticity
model. This cyclic plasticity model is established by modifying
the Drucker–Prager yield criterion and Chaboche’s hardening mod-
el. As presented in Eq. (28), by incorporating the effect of the Lode
angle on the yield surface the Drucker-Prager yield criterion is
modiﬁed by adding a linear term of the Lode angle parameter.
According to this yield criterion, the yield surface is a function of
the ﬁrst stress invariant and the Lode angle parameter which is de-
ﬁned as a function of the second and the third invariants of the
deviatoric stress tensors. In addition for more accurate modeling
of the cyclic plasticity behavior, the Chaboche’s hardening model
based on phenomenological considerations is modiﬁed. The Chab-
oche’s nonlinear isotropic hardening is adapted by incorporating
the effect of the ﬁrst stress invariant and previous plastic deforma-
tion history, Eq. (29). Also as shown in Eq. (30), the Chaboche’s
nonlinear kinematic hardening is improved by incorporating the
effect of the previous plastic deformation history. This plasticity
model shows more accurate predictions of the plastic deformation
especially when the inﬂuence of the Bauschinger effect is quite
appreciable (Voyiadjis et al., submitted for publication).
Therefore according to the proposed model for simulating the
ductile fracture initiation, several material parameters should be
calibrated from the experimental tests. Table 1 shows the total
parameters that should be deﬁned for the constitutive equation.
4.3. Plastic strains evaluation
To evaluate the plastic strain tensor, the yield function should
be differentiated with respect to the stress tensor. Therefore @f
@rij
should be calculated ﬁrst. In this paper, differentiation of the dam-
age function with respect to the stress tensor is assumed to be neg-
ligible, @/
@rij
 0. Using this assumption, differentiation of Eq. (24)
with respect to the stress tensor, results in the following equations:
_ep ¼ _p3ðs
eXÞ  bY
2eY ð31ÞbY ¼ 2ð~ry þ eRÞ @ð~ry þ eRÞ
@rij
ð32ÞBy differentiation of Eqs. (1) and (10) and using Eqs. (2), (3), (5) and
(6) the following equations can be obtained:
@I1
@rij
¼ dij ð33Þ
@h
@rij
¼ 27J3
8hJ32
3sijJ3
J2
 2 adjðrÞji þ
1
3
I1rij þ 13 dijJ2 
2
9
dijI
2
1
 	 

ð34Þ
where ‘adj ’ is the adjoint matrix of the stress tensor which is de-
ﬁned as adj(r)ji = (1)i+1M, where M denotes the determinant that
results from deleting row i and column j of the stress tensor. Using
Eqs. (33) and (34), @ð~ryþ
eR
@rij
can be calculated as:
@ð~ryÞþ eR
@rij
¼ ð1/Þ  b1dijQ2e
b1I1
Q2 þQ2eb1I1
eR a1dij  27a2J3
8hJ32
 
 3sijJ3
J2
2 adjðrÞji þ
1
3
I1rij þ 13dijJ2 
2
9
dijI
2
1
 	 

ð35Þ
Eq. (31) is very difﬁcult to be solved analytically therefore a numer-
ical method should be implemented to solve this equation. In the
following section the details of such a numerical method are
explained.5. Numerical implementation
In this section a numerical method based on the radial return
mapping algorithm is proposed. The explicit ﬁnite element method
is considered for simulating the coupled damage-plasticity model.
There are some other methods such as fully implicit numerical
solution to model the coupled damage plasticity constitutive equa-
tion. However, this method is not applicable in this study because
no consistent tangent matrix can be constructed and that method
may create some convergence problems. According to the pro-
posed numerical method the radial mapping algorithm is com-
bined with a recursive procedure. The main reason of using the
recursive procedure is that the damage function, elastic modulus
and radius of yield surface are functions of the accumulated plastic
strain and stress state and attributing these parameter into the ra-
dial return mapping algorithm is very complicated. Therefore for
estimating these parameters through an increment the recursive
procedure is used. In this method some parameters in each incre-
ment are assumed to be unchanged and are related only to the ini-
tial conditions. First, for updating the remaining parameters the
radial mapping algorithm is applied. In the next step, with a recur-
sive method all unchanged parameters are evaluated by the up-
dated parameters and then the radial mapping algorithm is
applied again. This process is continued until the variation of the
unchanged parameters is insigniﬁcant through the recursive pro-
cedure. In this method, damage function, elastic modulus and a
part of eY and bY are assumed to be unchanged in the radial mapping
algorithm. The isotropic hardening part of eY and bY are assumed to
be updated through the radial mapping algorithm. Considering the
increment from the state n to n + 1, the backward Euler method
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oche and Cailletaud, 1996; Kobayashi and Ohno, 2002):
enþ1 ¼ eenþ1 þ epnþ1 ð36Þ
epnþ1 ¼ epn þ Dep ð37Þ
rnþ1 ¼ eDen : enþ1  epnþ1  ð38Þ
Dep ¼ Dp3ðsnþ1 
eXnþ1Þ  bYn
2eYn ð39Þ
fnþ1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2
ðsnþ1  eXnþ1Þ : ðsnþ1  eXnþ1Þ  eYnr ð40Þ
eRnþ1 ¼ eRn þ ð1 /nÞðQ1 þ Q2eb1 I1 Þb2Dp1þ b2Dp ð41ÞeXnþ1 ¼PM
i¼1
eXðiÞnþ1 ð42Þ
By deﬁnition of the incremental form of Eq. (30), the following
equation can be obtained:
eXðkÞnþ1 ¼ eXðkÞn þ 23 ð1 /nÞCðkÞfðkÞDep  cðkÞfðkÞ eXðkÞnþ1Dp ð43Þ
Here eXðkÞnþ1 is obtained from rearranging Eq. (43) as:
eXðkÞnþ1 ¼ bðkÞ eXðkÞn þ 23 ð1 /nÞCðkÞfðkÞDep
 
ð44Þ
where the scalar function b(k) is deﬁned by the following equation:
bðkÞ ¼ 1
1þ cðkÞfðkÞDp ð45Þ
Assuming the isotropy of elastic deformation and the additive
decomposition of strains, the problem of implicitly integrating
the stresses is reduced to solving a non-linear scalar equation. In
this step all of the constitutive variables at the state n as well as
the strains at the state n + 1 are available and with the return map-
ping algorithm the constitutive variables are updated at n + 1. The
return mapping algorithm consists of an elastic predictor and a
plastic corrector, the elastic predictor is assumed to be completely
elastic:
rnþ1 ¼ eDen : enþ1  epn  ð46Þ
After calculating the elastic predictor the yield condition is then
checked by the following equation
f nþ1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2
snþ1  eXn  : snþ1  eXn 
r
 eYn ð47Þ
where snþ1 is the deviatoric part of r

nþ1. If the value of Eq. (47) is
negative, yielding does not occur at that increment, and therefore
rnþ1 is assumed to be the updated value of the stress tensor. This
means that the deformation is completely elastic and the predictor
stress and initial values of the constitutive variables become the
ﬁnal stress and the constitutive variables at this increment. If the
value of the Eq. (47) is positive, rnþ1 cannot be accepted as rn+1
due to yielding, then rn+1 can be obtained using Eq. (38) as
follows:
rnþ1 ¼ eDen : een þ Dee  Dep  ¼ rnþ1  eDen : Dep ð48Þ
where eDen : Dep is the plastic corrector. Taking the deviatoric part of
the above equation and noting that eDen : Dep ¼ 2eGDep, the following
equation is derived using Eq. (42):
snþ1  eXnþ1 ¼ rnþ1  2eGDep PM
i¼1
eXðiÞnþ1 ð49Þ
where eG denotes the shear modulus that is affected by damage. By
substituting Eq. (44) into Eq. (49) and using Eq. (39), the following
equation can be written:ðsnþ1 eXnþ1Þ¼ snþ1þDp eGþ 13
PM
i¼1b
ðiÞð1/nÞCðiÞfðiÞ
n o bY neY n
 
PMi¼1bðiÞ eXðiÞn 
1þ 1eY nDp 3eGþPMi¼1bðiÞð1/nÞCðiÞfðiÞ
n o 
ð50Þ
Substitution of Eq. (50) into Eq. (40) provides the following relation:
WðDpÞ ¼ 3
2
A : A eY 2n 1þ 1eYn Dp 3eG þP
M
i¼1
bðiÞð1 /nÞCðiÞfðiÞ
	 
 !2
¼ 0
A ¼ snþ1 þ Dp eG þ 13PMi¼1bðiÞð1 /nÞCðiÞfðiÞ
	 
 bYneYn
" #
PM
i¼1
bðiÞ eXðiÞn
 !
ð51Þ
This equation is a nonlinear function of Dp that can be solved by the
local Newton–Raphson method. The major problem associated with
this method is that the scalar function W(Dp) has more than one
root some of which are negative. Therefore estimating the ﬁrst
guess for a root of the function is very important. From the physical
point of view, Dp can range from zero to a maximum value. This
maximum value can be obtained by setting the plastic strains equal
to the total strains. Next, knowing the solution interval, and using
the bisection root-ﬁnding method a rough approximation of the
correct root is estimated. By continuing the bisection method or
using Newton–Raphson method with this rough approximation of
the correct root, a better approximation of Dp is achieved.
With evaluating the incremental value of the accumulated plas-
tic strain, the plastic strains and the stresses can be calculated by
applying Eqs. (50), (39) and (38). In the next step, the values of
/; eE; bY and eY are updated according to the new stress tensor and
the incremental value of the accumulated plastic strain. After
calculating the unchanged parameters, the radial mapping algo-
rithm is applied again. This process is continued until the variation
of the unchanged parameters is insigniﬁcant through the recursive
procedure.
1 /
i
/iþ1

 < 106 ð52Þ
where i indicates the number of recursive procedure iterations.
6. Experimental procedures
In this section for verifying and evaluating the proposed cou-
pled damage-plasticity model, an experimental procedure is pre-
sented. This experimental program is carried out on four types of
test specimens. These test specimens are the smooth round bars,
the notched round bars with medium notch radius, the notched
round bars with sharp notch radius and the doubly-grooved plates
(transverse plane strain). Fig. 2 shows these specimens. These
types of specimens have been widely employed in many research
studies to evaluate and calibrate the plasticity and fracture models
(e.g. Bai andWierzbicki, 2008; Gao et al., 2009; Mirone and Corallo,
2010). Each type of these specimens is subjected to different values
of the ﬁrst stress invariant and the Lode angle parameter under
plastic deformation. During the plastic deformation, the value of
the ﬁrst stress invariant and the Lode angle parameter also
changes. In this experimental program, the ductile fracture under
compression is not considered. In evaluating the effects of the ﬁrst
stress invariant, the Lode angle parameter and the reversed loading
specimens from each of the four types are subjected to three load-
ing patterns. First, simple tension loading up to fracture is con-
ducted. Second, the specimen is loaded in the compression up to
a prescribed plastic strain level, followed by unloading and re-
versed loading until fracture. Third, the specimen is loaded in ten-
sion up to the prescribed plastic strain level, followed by unloading
Fig. 2. (a) The smooth round bar, (b) the notched round bar with medium notch
radius, (c) the notched round bar with sharp notch radius and (d) the doubly-
grooved plate.
Table 2
Proposed plasticity model parameters for DIN1.6959 (Voyiadjis et al., submitted for
publication).
E = 210 GPa Q1 = 210 MPa C1 = 1840 GPa c3 = 1800
m = 0.3 Q2 = 20 MPa C2 = 2760 GPa f1 ¼ 0:98e445p þ 0:02
r0 = 610 MPa b1 = 0.001 C3 = 260 GPa f2 ¼ 0:99e550p þ 0:01
a1 = 0.01 b2 = 19 c1 = 10000 f1 = 1.0
a2 = 40 k ¼ 0:9e62p þ 0:1 c1 = 10000
p
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*
Fig. 3. The changes of the ﬁrst damage function of Eq. (23) vs. the accumulated
plastic strain in tension (Voyiadjis et al., submitted for publication).
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Fig. 4. The force–displacement response of the smooth round bar in tension up to
fracture initiation.
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prescribed compression plastic strain level. After the compression
loading the specimen is reloaded in tension and loading is contin-
ued until fracture occurs. For each specimen two tests based on
ﬁrst loading pattern, three tests based on second loading pattern
and ﬁfteen tests based on third loading pattern are carried out.
In all the experimental tests because of the sudden fracture ofTable 3
The damage function parameters for DIN1.6959.
d1 = 2 d2 ¼ 13000 d3 = 0.6 d4 = 1
d5 = 1 d6 = 3 c = 0.3 /cr = 0.6the specimen, the ductile fracture initiation assumes to occur when
the total load carrying capacity of the material is diminished. The
ductile fracture initiation does not occur exactly at a point of the
complete loss of load carrying capacity on the load–displacement
curve. However, in this work in all experiments the ductile fracture
initiation assumes to occur approximately when the total load car-
rying capacity of the material vanishes. Therefore in the simulation
of the ductile fracture initiation it is assumed that when the dam-
age function reaches the critical value the material loses the total
load carrying capacity. It should be mentioned that the coupled
damage-plasticity model is proposed for low cycle fatigue with
only a limited number of cycles. It is assumed that the reversed
loading is big enough to initiate fracture after a limited number
of reversals. Correspondingly, these experimental programs are
carried out for a maximum of three reversals.
The selected material is DIN1.6959 steel which is a high
strength, quenched, tempered, forged alloy steel used for construc-
tion of pressurized thick-walled tubes. This steel shows a signiﬁ-
cant reduction of the load carrying capacity until fracture. The
general chemical and mechanical speciﬁcation of this steel is intro-
duced by Farrahi et al. (2009). All experiments are conducted using
a 30-ton capacity servohydraulic machine and all of the loading
patterns are carried out under displacement control. Recently
many new methods such as digital image correlation are devel-
oped which introduce further information about specimen defor-
mation especially near the localization area (Tarigopula et al.,
2008; Kamaya and Masahiro, 2011; Peirs et al., 2011). These meth-
ods provide a better procedure for evaluation of numerical results.
However, in this paper only the data of the applied load and dis-
placement of the gage section are used and the numerical results
are compared with these data.
For calibrating the proposed coupled damage plasticity model,
experimental tests are simulated computationally using the ﬁnite
element method. Finite element models for all of the specimens
are built in Abaqus/Explicit, by means of the user material subrou-
tine VUMAT. The purpose of the numerical simulations is to eval-
uate and calibrate the parameters from experiments and to ﬁne
tune these parameters. For calibrating the proposed plasticity
model parameters; initially the yield criterion parameters accord-
ing to Eq. (28) are evaluated from the simple tension and compres-
sion tests that are carried out on the four specimen types. After
that, the hardening parameters, Eqs. (29) and (30), are calibrated
using the parameter evaluation method proposed by Jiang and
Kurath (1996) and Voyiadjis and Al-Rub (2003) using the experi-
mental results of second and third loading pattern of the smooth
round bars. For evaluating the tune value of the parameters the
‘‘trial-and-error’’ method is used. By applying the ‘‘trial-and-error’’
method and using the experimental results of the second and third
Fig. 5. Fracture surface of the smooth round bar specimen.
Fig. 6. Damage distribution through the plastic deformation in the smooth round bar specimen.
1548 G.Z. Voyiadjis et al. / International Journal of Solids and Structures 49 (2012) 1541–1556loading pattern of the notched round bars and the doubly-grooved
plates the appropriate values of the plasticity model parameters
are obtained. Table 2 shows the material parameters extracted
from the experimental results.
The elasticity modulus during the plastic deformation changes
because of the damage and the dislocation movement that occurs
in the material. As mentioned in Section 4 the change of the
Young’s modulus is divided into two parts, Eq. (23). The ﬁrst dam-
age function, /⁄, is responsible for the reduction of the Young’s
modulus in the beginning of the plastic deformation. This damage
function increases sharply at the beginning of the plastic deforma-
tion but its rate decreases with further plastic deformation. Fig. 3
shows the change of this damage function through the plasticdeformation. The ﬁrst damage function of Eq. (23) increases in ten-
sion, but in compression it does not change signiﬁcantly. Also some
recovery of this damage function, /⁄, after reversed loading is ob-
served in the experimental tests. This recovery behavior is incorpo-
rated into the ﬁrst damage function equation. This damage
function according to the experimental tests can be expressed as
(Voyiadjis et al., submitted for publication):
/ ¼ 0:41e9:2p0:6c ð1 e5:5p
0:6
t Þ ð53Þ
where pt is related to the accumulated plastic strain in tension and
similarly is related to the accumulated plastic strain in compres-
sion. In this study, the Poisson’s ratio is assumed to remain un-
changed through the plastic deformation.
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Fig. 7. The force–displacement response of the smooth round bar under reversed
loading.
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Fig. 8. The force–displacement response of (a) the medium notch radius specimen
and (b) the sharp notch radius specimen under the tension up to fracture initiation.
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reduction of the load carrying capacity, Eq. (13), all eight parame-
ters should be calibrated. In this study, the values of the parameters
are obtained by the ‘‘trial-and-error’’ method. Through this calibra-
tion process, by comparing the results of the repeated numerical
method with the experimental results the value of the parameters
are obtained. For calibrating the damage parameters for the tested
material, it is assumed that 9i4 and d5 equal to unity. For calibrating
d1, d2, d3, d6 and /cr, ﬁrst the rough values of parameters are cali-
brated using the experimental results of ﬁrst loading pattern of
the smooth round bar. Then the tune values are obtained using
the experimental results of the ﬁrst loading pattern of the notched
round bars and the doubly-grooved plates. Parameter which re-
ﬂects the effect of the reversed loading is calibrated from the exper-
imental results of the four kinds of test specimens under second and
third loading patterns. In Table 3 the calibrated values of thedamage function for DIN1.6959 are presented. It should be men-
tioned that the ‘‘trial-and-error’’ method because of the number
of the parameters is very time consuming method. It is recom-
mended that for saving time and accurate evaluation of parameters,
other methods based on an optimization method should be
considered.6.1. Smooth round bars
As mentioned previously, for calibrating the plasticity and dam-
age parameters ﬁrstly the loading patterns are implemented on the
smooth round bar specimens. The diameter of the smooth round
bar specimens is 8 mm. The diameter in specimen shoulder is
equal to 12 mm, and the length of the gauge section for this group
of specimens is 12.5 mm. To avoid buckling instability, the com-
pression loading in these specimens is restricted.
Fig. 4 shows the force–displacement response simulations of
the smooth round bar specimen along with the experimental re-
sults under the ﬁrst loading pattern. As seen in Fig. 4, the selected
material shows the continuous reduction of the load carrying
capacity during the plastic deformation up to fracture initiation.
During this plastic deformation the localized necking phenomenon
occurs in the round bar specimens. The necking phenomena and
the excessive reduction of the load carrying capacity demonstrate
that the damage process through the plastic deformation is com-
plicated and strongly nonlinear. It should be emphasized that the
major part of the force–displacement curve belonged to the post
elongation phase of the plastic deformation. The linear behaviors
of the force–displacement curve in the post elongation phase indi-
cate that the exponential form of the damage function is a suitable
function for simulating the damage process. In the numerical
Fig. 9. Fracture surface of (a) the medium notch radius specimen and (b) the sharp notch radius specimen.
Fig. 10. Damage distribution through the plastic deformation in the notched round bar specimen with medium notch radius.
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function reaches the critical value. Fig. 5 shows the fracture surface
of the smooth round bar specimen under the ﬁrst loading pattern.
As seen in this ﬁgure, a cup-cone type of fracture occurs in the
specimen. It is noticed that most part of the fracture surface is ﬂat,
however, at the circumference of the cross section the fracture is
due to the shear and the fracture surface is slant with an angle lar-
ger than 45.
Fig. 6 shows the damage distribution in a round bar specimen
through the plastic deformation before the ductile fracture initia-
tion. As seen in Fig. 6, damage distribution concentrates in the mid-
dle part of the round bar specimens as the plastic deformation
increases and fracture initiates in this point. In addition the shape
of the round bar specimen changes with progressive deformation
and localized necking occurs. The ﬁrst stress invariant and Lode an-
gle parameter in the necking location also change. Figs. 4 and 6show that the force–displacement curves as well as the change
of the specimen shape is accurately predicted by the proposed
damage-plasticity model.
Fig. 7(a) shows the force–displacement response simulations of
the smooth round bar specimen along with the experimental re-
sults under the second loading pattern. The compression part of
the loading process is restricted because of the buckling instability.
Fig. 7(b) and (c) show the force–displacement simulations of the
smooth round bar specimen along with the experimental results
under the third loading pattern with same and different pre-
tension level, respectively. Experimental results show that the re-
versed loading puts forward the fracture occurrence. However, this
process is not very noticeable. On the other hand the reversed
loading has little inﬂuence on the fracture strain of this steel. As
proposed in Eq. (16), the effect of the accumulated plastic strain
that occurs in compression loading on ductile fracture initiation
Fig. 11. Damage distribution through the plastic deformation in the notched round bar specimen with sharp notch radius.
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this paper, DIN1.6959, this effect is not very noticeable. This fact
is also reﬂected in the material parameters. The coefﬁcient of the
accumulated plastic strain that occurs in compression loading in
the damage function is obtained as 0.4, Table 3. This value means
that the effect of the compression part of the reversed loading on
ductile fracture is smaller than the tension part. These results coin-
cide with the micromechanical concepts of the ductile fracture ini-
tiation in which the voids (nucleation-growth-coalescence) is an
important feature of the ductile fracture initiation and decreases
under compression loadings. Fig. 7 shows that the proposed dam-
aged-plasticity evaluation equation appropriately predicts the
fracture initiation.
6.2. Notched round bars
For calibrating and tuning the effect of ﬁrst the stress invariant
on the proposed damage-plasticity model the experimental tests
are carried out on the notched round bars. Similar to the smooth
round bars, three loading patterns are carried out on this group
of specimens. For these notched round bar specimens, the diameter
of the minimal cross-section is 8 mm, and the radius of the notch
are equal to 8 mm and 4 mm for the medium and sharp radius
notched specimens, respectively. The diameter of the specimens
shoulder is equal to 16 mm, and the length of gauge section for
8 mm radius notched bar and 4 mm radius notched bar is 27.5
mm and 12.5 mm, respectively.
Fig. 8(a) and (b) display the force–displacement response simu-
lations of the medium notch radius and the sharp notch radius
round bar specimens, respectively, along with the experimental re-
sults under the tension up to the fracture initiation. As seen in
Fig. 8, with increasing the notch radius the ductility and the plastic
deformation decrease. This behavior shows that the effect of the
ﬁrst stress invariant on ductile fracture initiation is very signiﬁ-
cant. Also as the radius of notch increases, the post-elongation
phase of the plastic deformation decreases.
Fig. 9(a) and (b) show the fracture surface of the medium notch
radius and the sharp notch radius round bar specimens, respec-
tively, under the ﬁrst loading pattern. As seen in these pictures, a
cup-cone type of fracture also occurs in these types of specimens.
Similar to the smooth round bars the most part of the fracture sur-face is ﬂat and at the circumference of the cross section the slant
fracture occurs. However the ﬂatness of the notched round bar
specimen’s fracture surface in comparison with the smooth round
bar is noticeable.
Figs. 10 and 11 show the damage distribution in a medium
notch radius and the sharp notch radius round bar specimens,
respectively, through the plastic deformation before the ductile
fracture initiation. As seen in Figs. 10 and 11, damage distribution
concentrates in the middle part of the specimens as the plastic
deformation increases and fracture initiates in this point. As the ra-
dius of the notch increases such concentration and localized dam-
age accumulation increases. As seen in these pictures, because of
the damage concentration with respect to increasing the notch ra-
dius the shape of the notched round bar specimens do not change
signiﬁcantly in comparison with the smooth round bar specimens.
The damage concentration in the middle part of the notched round
bar specimens indicates the signiﬁcance of the ﬁrst stress invariant
effect on ductile fracture initiation.
Fig. 12(a) shows the force–displacement response simulations
of the medium notch radius round bar specimens along with the
experimental results under the second loading pattern. Fig. 12(b)
and (c) show the force–displacement simulations of the smooth
round bar specimen along with the experimental results under
the third loading pattern with same and different pre-tension level,
respectively. The results show that the reversed loading affects the
fracture initiation. Reversed loading causes the fracture initiation
to occur earlier than in its absence; although these occurrences
are not very noticeable. But these e Also results show that the ef-
fect of compression part of the accumulated plastic strain on duc-
tile fracture is smaller than the tension part. These results are
reasonable because damage accumulating rate in the ductile mate-
rial under compression loading become smaller than tension load-
ing. Fig. 11 show that the proposed damaged-plasticity model can
predict the fracture initiation under reversed loading. Similar re-
sults can be obtained from Fig. 13 for the sharp notch radius round
bar specimens under the second and third loading patterns.
6.3. Doubly-grooved plates
Another group of tested specimens are the doubly-grooved
plates. These specimens are used to estimate and tune the effect
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Fig. 12. The force–displacement response of the medium notch radius round bar
specimens under reversed loading.
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Fig. 13. The force–displacement response of the sharp notch radius round bar
specimens under reversed loading.
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Fig. 14. The force–displacement response of the doubly-grooved plate in tension up
to fracture initiation.
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model. The width of the specimens is 50 mm. The nominal thick-
nesses in the minimal cross-section is t = 3 mm, the plate thick-
nesses at the specimen shoulder is equal to 10 mm, and the
length of gauge section for this group of specimens is 27.5 mm.
Like the smooth round bar the three loading patterns are carried
out on this group of specimens.
Fig. 14 shows the force–displacement response simulations of
the doubly-grooved plate along with the experimental results un-
der the ﬁrst loading pattern. As seen in Fig. 14, the post-elongation
phase of the plastic deformation as well as the ductility of the
material decreases in these specimens. This sudden loss of the load
carrying capacity and fracture initiation indicates that the nonlin-
earity of the damage evaluation function with respect to the Lode
angle parameter increases. Such behavior is assumed in Eq. (15).
According to this assumption the damage function sharply in-
creases in the middle part of the doubly-grooved plate and fracture
Fig. 15. Fracture surface of the doubly-grooved plate.
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Fig. 17. The force–displacement response of the doubly-grooved plate under
reversed loadings.
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part of the doubly-grooved plate avoids the localized necking
occurrence; and signiﬁcant reduction of the load carrying capacity
does not happen. As seen in Fig. 14, without incorporating the Lode
angle parameter into the damage function, the model overesti-
mates the fracture initiation and also predicts the post-elongation
phase of the plastic deformation which is larger than the experi-
mental result. This fact shows that the Lode angle parameter puts
forward the fracture initiation and also causes the sudden decrease
of the load carrying capacity of the material.
Fig. 15 shows the fracture surface of the doubly-grooved plate
under ﬁrst loading pattern. As seen in this perspective picture, a
slant type of fracture occurs in this specimen. The angle of the frac-
ture surface with respect to the longitudinal direction of the spec-
imen is exactly 45. It is noticed that most of the fracture surface in
the doubly-grooved plate is slant with an angle of 45, however, at
the external side a small change can be seen because of the plane
stress condition of this part of the specimen. The slant fracture
shows that the fracture occurs under shear condition in which case
the Lode angle parameter reaches unity.
Fig. 16 shows the damage distribution in a doubly-grooved
plate through the plastic deformation before the ductile fracture
initiation. As seen in Fig. 16, damage distribution concentrates in
the middle part of this plate when plastic deformation increases
and fracture initiates in this point. This signiﬁcant damage concen-
tration causes the sudden fracture initiation and avoids the local-
ized necking phenomenon. This behavior shows the signiﬁcance
of the Lode angle parameter to decrease the ductility and also in-
crease the nonlinear behavior of the damage function.
Fig. 17(a) shows the force–displacement response simulations
of the doubly-grooved plate along with the experimental results
under the second loading pattern. Fig. 7(b) and (c) show theFig. 16. Damage distribution through the plastic deformatforce–displacement simulations of the smooth round bar specimen
along with the experimental results under the third loading pat-ion in the middle of the doubly-grooved plate groove.
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Fig. 18. The effects of the mesh size on the force–displacement response simula-
tions of (a) the smooth round bars, (b) the medium notch radius round bars and (c)
the sharp notch radius round bars specimens under the ﬁrst loading pattern.
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Fig. 19. The effects of the mesh size on the force–displacement response simula-
tions of doubly-grooved plates under the ﬁrst loading pattern.
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seen in these ﬁgures similar to the results of the other specimens,
the reversed loading causes the fracture initiation to occur earlier
than in the absence of reversed loading in the case of ductile frac-
ture. The results also show that the effect of plastic deformation
under compression loading on ductile fracture is smaller than such
effects under tension. Fig. 17 shows that the simulating results of
the doubly-grooved plate under reversed loading can predict the
fracture initiation.
6.4. The effect of mesh size on the numerical results
The numerical solution of a constitutive equation based on the
standard continuum mechanics for modeling the reduction of the
load carrying capacity and ductile fracture is generally mesh
dependent (e.g. Sa’nchez et al., 2009; Li and Karr, 2009). Accordingto this fact, the mesh size changes the numerical results and using
the ﬁner mesh may lead to better solution. However the numerical
modeling of the fracture with reﬁning the ﬁnite element mesh may
be dealt with non-convergence problems (de Borst, 2001). For
decreasing the effect of the ‘‘mesh size’’ on numerical solution,
some researchers have incorporated the viscosity and the effects
microstructure changes into the constitutive equation. These ef-
forts to modifying the constitutive equation are focused on apply-
ing the higher-order strain gradient theories in which a length
scale is introduced to create a characteristic length for localization
zones (Fleck and Hutchinson, 1993; de Borst, 2003; Voyiadjis and
Dorgan, 2004a; Voyiadjis et al., 2004b). Nonlocal higher-order
plasticity models are able to model the ductile fracture with simu-
lating the material deformation up to nearly vanishing strength
states (Engelen et al., 2003). In this work, the material strength is
allowed to decrease up to 40% and the fracture initiation occurs
when the damage function reaches the critical value, /cr = 0.6 .
However, the mesh size also affects the numerical results. To
examine the effect of the mesh size on numerical results tree types
of mesh resolution are considered. For the smooth and notched
round bars 5mesh per mm, 10mesh per mm and 20mesh per
mm resolutions are used. Fig. 18 shows the force–displacement re-
sponse simulations of these test specimens under the ﬁrst loading
pattern. As seen in Fig. 18, these mesh reﬁnements affect the
numerical results in the post-elongation deformation phase but
the results saturate with using the ﬁner mesh.
For the doubly-grooved plate the 10mesh per mm, 20mesh per
mm and 30mesh per mm resolutions are used. Fig. 19 shows the
force–displacement response simulations of the doubly-grooved
plate under the ﬁrst loading pattern with different mesh sizes. As
seen in Fig. 19, these mesh reﬁnements affect the numerical results
near the fracture initiation position. With comparison between the
results of Figs. 18 and 19, the effect of the mesh size on doubly-
grooved plate response simulation is more signiﬁcant than the re-
sults of the axisymmetric specimens. In this paper all of the
numerical results are obtained using the ﬁne resolution mesh to
guarantee the accuracy of the results.
7. Conclusions
In this study, for simulating the ductile fracture initiation a cou-
pled damage-plasticity model is proposed. In this model, damage
in the material occurs due to plastic deformation. The effect of
the stress invariants, as the ﬁrst stress invariant and the Lode angle
parameter, are incorporated into the damage evaluation function.
According to the proposed damage expression, the damage func-
tion is deﬁned as an exponential function of the accumulated plas-
tic strain. The effect of the ﬁrst stress invariant and the Lode angle
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function that changes the damage accumulation rate through the
plastic deformation. The Lode angle parameter also affects the
damage accumulation by increasing the nonlinearity of the dam-
age function. For incorporating the effect of the reverse loading
on the damage function the accumulated plastic strain is divided
into two parts, the tension and the compression related accumu-
lated plastic strain components. Each part of the accumulated plas-
tic strain is incorporated into the damage function with different
coefﬁcients. For evaluating the plastic behavior of the material un-
der reversed loading a plasticity model which is affected by all the
stress invariants is used. According to this cyclic plasticity model
the yield function is a function of the ﬁrst stress invariant and
the Lode angle parameter. The hardening parameters are also de-
ﬁned as a function of the accumulated plastic strain, the ﬁrst stress
invariant and the previous plastic deformation history.
For implementing the proposed coupled damage-plasticity
model the numerical method based on the radial return mapping
algorithm is proposed. In this method, the combination of a recur-
sive procedure with the radial mapping algorithm is considered.
The ﬁnite element implementation of the proposed model is car-
ried out in the Abaqus/Explicit, by means of the user material sub-
routine VUMAT.
To verify and evaluate the model, a series of experimental tests
are carried out on four types of test specimens made of the high
strength steel DIN1.6959. The experimental results show that the
ductile fracture initiation as well as the plasticity behavior of the
material is affected by the ﬁrst stress invariant and the Lode angle
parameter. Also reverse loading enhances the ductile fracture initi-
ation. The experiments show that the compressive component of
the plastic deformation under reverse loading has smaller effect
on ductile fracture initiation in comparison with the tensile
component. The comparison between experimental results and
numerical simulations reveals that the proposed coupled dam-
age-plasticity can accurately predict the fracture initiation and
plastic behavior of the material under direct and reverse loadings.
The numerical results also show that with increasing the ﬁrst
stress invariant and the Lode angle parameter the damage concen-
trates in a speciﬁc location in the specimen and the damage accu-
mulation is speeded up. Therefore the plastic deformation up to
the fracture initiation decreases as well as the changes in the spec-
imen shape. These results are consistent with the experimental
results.
In addition, some studies are also conducted on the effect of
mesh size on the numerical results. The numerical results show
that accurate results are obtained when a ﬁner mesh is used and
mesh size dependency increases when the effect of the Lode angle
increases. For diminishing mesh size dependency it is worthwhile
to use a nonlocal continuum or strain gradient plasticity theory.
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